Abstract. We interpret all Maurer-Cartan elements in the formal Hochschild complex of a small dg category which is cohomologically bounded above in terms of torsion Morita deformations. This solves the curvature problem, i.e. the phenomenon that such Maurer-Cartan elements naturally parameterize curved A∞-deformations. In the infinitesimal setup, we show how n + 1-th order curved deformations give rise to n-th order uncurved Morita deformations.
Introduction
Let k be a field. For flexibility with the Maurer Cartan formalism, we assume that k is of characteristic zero. Let A 0 = (A 0 , µ (0) ) be a dg k-algebra with Hochschild complex C(A 0 ). It is well known that the shifted Hochschild complex ΣC(A 0 ) has the structure of a B ∞ -algebra, in particular it is a dg Lie algebra [7] .
Consider In particular, the differential µ 1 = µ
1 + φ 1 t does not square to zero, but instead satisfies the identity µ 2 1 + µ 2 (µ 0 , −) + µ 2 (−, µ 0 ) = 0. This places the object (A, µ) somewhat outside the classical setup of homological algebra, as an object with no cohomology groups, and no classical derived category. We refer to the fact that MC(A 0 ; k[[t]]) parameterizes cA ∞ -deformations rather than dg or A ∞ -deformations as the curvature problem. To solve the curvature problem, we try to find an alternative type of deformations, which can be understood within the realm of classical homological algebra and for which we obtain a bijection replacing (1) . To find such a type of deformations, we look at the natural invariance properties of the Hochschild complex. Let A 0 and B 0 be dg k-algebras and let M 0 be a Morita A 0 -B 0 -bimodule, that is, a bimodule inducing an equivalence of categories − ⊗ L M 0 : D(A 0 ) −→ D(B 0 ). In [9] , from the bimodule M 0 , Keller constructs an isomorphism 
[[t]]).
To make this map injective, for technical reasons we have to consider Morita deformations up to torsion Morita equivalence. The relevant notion of torsion derived category, which is used in order to ensure the validity of a derived version of Nakayama's Lemma in the formal deformation framework, is developed in §4. We thus arrive at an injective map Corollary 1.2. Let A 0 be a dg k-algebra which is cohomologically bounded above. The map Θ is bijective.
The necessity of the condition in the theorem is shown by the example of the graded field due to Keller, which was previously considered in [10] . For A 0 = k[x, x −1 ] with deg(x) = 2, the element φ = x ∈ MC(A 0 ; k [[t] ]) is shown in §5.3 not to be in the image of Θ. On the other hand, part (2) of the theorem covers the geometric case. More precisely, if X is a quasi-compact quasi-separated scheme, it was shown in [2] that the derived category D Qch (X) is compactly generated by a single perfect complex M , and thus equivalent to the derived category D(A 0 ) of A 0 = RHom(M, M ). The dg algebra A 0 is cohomologically bounded above.
Our approach to Theorem 1.1 is based upon the construction of uncurved twisted objects over a k [[t] ]-linear cA ∞ -algebra A. In §2, we introduce the cA ∞ -category Tw(A) of twisted objects over A. An object of Tw(A) is a formal expression M = ⊕ i∈I Σ ni A with n i ∈ Z, endowed with a connection δ M ∈ Hom 1 (M, M ). Here, Hommodules are defined in the obvious way as modules of (limits of) infinite column finite matrices with entries in A. The cA ∞ -structure on Tw(A) is given by (4) embr δ (µ) = ∞ n=0 µ{δ ⊗n } = µ + µ{δ} + µ{δ, δ} + . . .
for the brace algebra structure on the shifted Hochschild object ΣC(Tw(A)). Here, the notation embr δ (µ) stands for "µ embracing δ". Convergence of (4) is understood in a "pointwise t-adic" way, and in order to ensure convergence, we require connections to be locally µ-allowable (see Definition 2.8 ). This condition is weaker than the usual upper triangular condition used in the definition of classical (uncurved) twisted objects over a dg or A ∞ -algebra. Let (A 0 , µ (0) ) be a strictly unital k-linear A ∞ -algebra, and consider, for φ ∈ MC(A 0 ; k[[t]]), the cA ∞ -structures µ = µ (0) + φt on A = A 0 [[t]] and η = embr δ (µ) on Tw(A) as in (4) . We may suppose that µ, and hence also η, is strictly unital. The curvature of (A, µ) is given by (5) µ 0 = µ
0 + φ 0 t = φ 0 t. Our main technical tool is the construction of the following "two-sided cone" in Tw(A), associated to the factorization (5) of µ 0 . We define A t = A⊕Σ −1 A ∈ Tw(A) to be endowed with the connection
In Propositions 2.20, 3.2, we show that the curvature (η 0 ) At of A t vanishes. The conditions in Theorem 1.1 further ensure that we can make B = Hom(A t , A t ) into a Morita deformation of A 0 , which is in the pre-image of φ under Θ. The vanishing of (η 0 ) At heavily depends upon regularity of
Let us now consider the infinitesimal setup
the set of elements φ of shifted degree 1 for which φt ∈ ΣC(A 0 )[t]/t n+1 is a solution of the Maurer Cartan equation up to gauge equivalence of the elements φt. Let Def Mor (A 0 ; k[t]/t n+1 ) be the set of n-th order Morita deformations of A 0 up to Morita equivalence. We obtain a map
It was already noted in [10] that in general, the analogue of Theorem 1.1 does not hold for Θ n (see Example 3.4). However, in this paper we prove a more refined result, stated more generally for dg categories in Theorem 5.6. The theorem essentially says that n + 1-th order curved deformations give rise to n-th order uncurved Morita deformations, and explains how the formal object A t defined earlier on in fact arises as a limit of infinitesimal objects: Theorem 1.3. Let A 0 be a dg k-algebra which is cohomologically bounded above.
(1) The map Θ n is injective.
In other words, if the n-th order cA ∞ -deformation µ = µ (0) + φt of µ (0) extends to an n + 1-th order deformationμ = µ (0) + φt + φ (n+1) t n+1 , then the deformation µ can be replaced by an n-th order Morita deformation B of A 0 . As before, B is obtained as B = Hom(A (n) , A (n) ) for an object
n+1 . This time, we have to take
whose curvature vanishes by Proposition 3.5. Consequently, the twisted object A t which is constructed in the formal setup can be interpreted as a t-adic limit of the objects A (n) , and similarly for the corresponding (torsion) Morita deformations. Finally, let us comment upon the relation with other work. Although the goal in this paper is independent of the question as to the definition of suitable alternative "derived categories" in various contexts, our work is indirectly related to this question. The torsion derived category which we use in §4 seems closely related to the derived category of a formal deformation of an algebroid stack over a smooth complex algebraic variety, which is considered and proven to be compactly generated by Petit in [14] . Futher, for a k[[t]]-linear cA ∞ -algebra A as before, one may expect that a good alternative derived category should be such that the object A t we construct constitutes a compact generator of this category. This seems to be in accordance with the work of Positselski in [17] , although details remain to be elucidated. Eventually, we expect our setup to be naturally part of a richer picture including a suitable version of MGM duality [1] , [8] , [16] , [15] , [17] , [18] , [19] .
Throughout the paper, little attention is given to the signs in formulas. Picking a consistent sign convention and viewing elements as living in appropriate shifts of complexes like the Hochschild complex, the reader will be able to make the signs more precise where necessary (see for instance [13, §2.1 
]).
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Curved A ∞ -categories and twisted objects
Let R be a commutative ground ring, endowed with an ideal T ⊆ R and the corresponding T -adic topology. In this section, we introduce a certain construction of uncurved twisted objects over an R-linear cA ∞ -category a. In §2.1, we introduce the cA ∞ -category Tw(a) of twisted objects over a. An object of Tw(a) is a formal expression M = ⊕ i∈I Σ ni A i with A i ∈ a and n i ∈ Z, endowed with a connection δ M ∈ Hom 1 (M, M ). Here, Hom-modules are defined in the obvious way as modules of (T -adic limits of) infinite column finite matrices. The cA ∞ -structure on Tw(a) is given by
for the brace algebra structure on the shifted Hochschild object ΣC(Tw(a)). Here, the notation embr δ (µ) stands for "µ embracing δ". Obviously, we have to make sure that (7) converges in an appropriate way. For our purpose, we consider "pointwise T -adic" convergence in §2.2. In order to ensure this convergence, we require connections to be locally µ-allowable in the sense of Definition 2.8. Even for T = 0, this condition is weaker than the usual upper triangular condition used in the definition of classical (uncurved) twisted objects over a dg or A ∞ -category, as discussed in Example 3.4. Consider M, N ∈ Tw(a), f ∈ Hom 1 (M, N ) and g ∈ Hom 1 (N, M )). In §2.3, we discuss the possiblility of constructing a "two-sided cone" cone(f, g) = M ⊕ N endowed with the connection
Tw(a). In general, the construction of the two-sided cone faces convergence issues, but in §2.4 it is used in an effective way to remove curvature. Precisely, if the curvature c M of an object M ∈ Tw(a) can be written as c M = r · cM r for a regular element r ∈ R, then we show that cone( cM r , r) is uncurved (Proposition 2.20). In §2.5, a related construction is given which allows to construct closed elements (Proposition 2.22).
2.1.
Curved A ∞ -categories and twisted objects. In this section we briefly recall the notion of twisted objects over a cA ∞ -category. This notion generalizes the classical notion for dg categories from [3] , which was generalized to the setup of A ∞ -categories in [12] , to the setup of cA ∞ -categories. For a more detailed treatment we refer to [5] and the references therein.
Let R be a commutative ground ring. Throughout, R-modules will be Z-graded R-modules. Let a be an R-quiver, i.e. a consists of a set of objects Ob(a) and for all A, A ′ ∈ Ob(a), an R-module a(A, A ′ ). The Hochschild object of a is the product total R-module C(a) of the double R-module
In particular, we have
An element φ ∈ C n (a) is given by φ = (φ p ) p≥0 with φ p ∈ C p,n−p (a). The R-module C(a) is endowed with brace operations
The first brace operation is the dot product
The brace operations turn C(a) into a brace algebra, see [13] . A cA ∞ -structure on a is an element µ = (µ n ) n≥0 ∈ C 2 (a) with µ • µ = 0. We call (a, µ) a cA ∞ -category. The curvature of A ∈ a is the element
2 .
An element f ∈ a(A, A ′ ) is called closed if µ 1 (f ) = 0. Let a be an R-quiver. A free object over a is a formal expression M = ⊕ i∈I Σ mi A i with I an arbitrary index set, A i ∈ a and m i ∈ Z. For another free object N = ⊕ j∈J Σ nj B j over a, we put
An element f ∈ Hom l (M, N ) is represented by a column finite matrix f = (f ji ) with
. Free objects over a constitute an R-quiver Free(a) with Free(a)(M, N ) = Hom(M, N ).
2.2.
Completions. Let R be a ring with an ideal T ⊆ R, and let R be complete for the T -adic topology. Sometimes it is natural to work with completions with respect to this topology, or pointwise versions of this topology. We will make a part, and as we are dealing with completion we are actually using underlying uniform structures [4] . Let a be a complete R-quiver. For M = ⊕ i∈I Σ mi A i and N = ⊕ i∈I Σ ni A i , we endow Free(a)(M, N ) with the pointwise T -adic uniformity, for which a sequence (f n ) n with f n ∈ Free(a)(M, N ) is Cauchy if and only if for every i ∈ I, for every α ∈ N, there is an n 0 ∈ N such that for all p, q ≥ n 0 we have
We thus obtain the quiver Free(a).
Remark 2.1. Note that an even weaker notion of convergence is obtained by allowing convergence within every column ⊕ j a l+nj −mi (A i , B j ), considered as a submodule of j a l+nj −mi (A i , B j ), to be pointwise as well. Pointwise convergence for direct sum modules naturally leads to completions of "decaying functions" as considered in [21] . Now consider the natural extension of an element φ ∈ C(a) to C(Free(a)). Consider φ : Free(a) ⊗k −→ Free(a). By R-multilinearity, φ is continuous in each variable, and we obtain a unique extension
Now consider a sequence (φ n ) n with φ n ∈ C k (Free(a)). We endow C k (Free(a)) with the pointwise uniformity of the codomain Free(a), for which a sequence (φ n ) n is Cauchy if and only if (φ n (f k , . . . , f 1 )) n is Cauchy in Free(a) for every (f k , . . . , f 1 ) ∈ Free(a) ⊗k . We endow C(Free(a)) with the product uniformity of the C k (Free(a)). We obtain the completions C k (Free(a)) and C(Free(a)). We have
and consequently
In particular, C(Free(a)) is a brace algebra On the other hand, we can endow Free(a) with the T -adic topology, and consider the completion Free T (a), or we can endow C(Free(a)) with the T -adic topology, and consider the completion C T (Free(a)). As sets, these completions are equal to the ones we have constructed, but our pointwise uniformities allow a weaker convergence. Definition 2.5. Let a be a quiver and consider φ, δ, ψ ∈ C(Free(a)).
(1) We say that δ is φ-allowable if the series n∈N φ{δ ⊗n } is convergent. In this case we denote the limit by embr δ (φ).
(2) We say that (δ, ψ) is φ-allowable if the series n∈N n p=0 φ{δ ⊗p }{ψ ⊗n−p } is convergent (after renumbering, i.e without brackets). Remark 2.6. As explained in [13, §3.2] , allowability can be equivalently expressed in terms of convergence of " n∈N δ ⊗n " for an induced "weak" topology on the bar construction of the Hochschild complex, and the notion is inspired by the treatment in [6] . It also bears some resemblance to the definition of complete bar resolution from [20] .
Lemma 2.7. Consider φ ∈ C(Free(a)) and δ, ψ ∈ C 0, * (Free(a)) and suppose (δ, ψ) is φ-allowable.
(1) (ψ, δ), δ, ψ and δ + ψ are φ-allowable.
(2) ψ is embr δ (φ)-allowable and embr ψ (embr δ (φ)) = embr δ+ψ (φ).
Proof.
(1) φ-allowability of δ and ψ readily follows. Since δ, ψ ∈ C 0, * (Free(a)),
Convergence of this series (in n) easily follows from φ-allowability of (δ, ψ).
We are mainly interested in the case where φ ∈ C(a) and δ, ψ ∈ C 0, * (Free(a)). In this setup, we have the following building blocks of allowable elements.
is locally Φ-allowable if for every α ∈ N and i ∈ I, there is an m 0 ∈ N such that for every φ ∈ Φ, for every j ∈ I, for every collection of objects B 0 , . . . , B n , C 0 , . . . , C l ∈ a with B n = A i and
, where the sum is taken over all expressions with p of the δ si equal to δ and q of the δ si equal to ψ.
For Φ = {φ}, we simply say locally φ-nilpotent instead of locally Φ-nilpotent.
Lemma 2.9. If (δ, φ) is locally Φ-nilpotent, then δ, ψ and δ + ψ are locally Φ-nilpotent.
Lemma 2.10. If δ is locally Φ-allowable, and
Proof. Take α ∈ N and i ∈ I. Since δ is locally Φ-allowable, we obtain m 0 ∈ N as in Definition 2.8. Put m 1 = αm 0 and consider p + q ≥ m 1 . If q ≥ α, then expression (10) is in T α a and we are done. If q < α, then expression (10) contains at least m 0 consecutive entries δ si . Hence, by Φ-allowability of δ, expression (10) is in T α a as well.
We say that δ is upper triangular (called "intrinsically locally nilpotent" in [5] ) if there is an m 0 ∈ N such that every sequence (δ jkm−1 , . . . , δ k d+1 k d , . . . , δ k1i ) of length m ≥ m 0 contains an zero element. Obviously, if δ is upper triangular, it is locally C(a)-allowable. If δ corresponds to an upper triangular n × n matrix, then δ is upper triangular by taking m 0 = n for every i ∈ I.
Example 2.12. Consider M = ⊕ i∈I Σ ni A i ∈ Free(a) and δ, ψ ∈ Hom(M, M ). If for Φ ⊆ C(a), for every α ∈ N, there exists n 0 ∈ N such that for all φ ∈ Φ, we have
Proof. We prove (1). We check convergence of n∈N φ{δ ⊗n }. It suffices to look at a collection of objects M 0 , . . . , M n ∈ Free(a) with
and k ∈ K 0 and α ∈ N. We have to show that for some r 0 , for r ≥ r 0 , (φ{δ
Proceeding in the same way, we inductively obtain finite sets
with n i=0 t i = r ≥ r 0 and hence t i ≥ m i for some i. By construction, the lk-entry of (11) is obtained as a finite sum of expressions of the form (9), taking δ = δ i . Hence, this entry is in T α a as desired.
Let (a, µ) be a cA ∞ -category. For an object M ∈ Free(a), we consider the set We now define the quiver Free∆(a) with
For convenience, we continue to denote objects in Free∆(a) by M, N, . . . . An element φ ∈ C(a) is trivially extended to an element φ ∈ C(Free∆(a)) by mimicking matrix multiplication. Clearly the results we obtained so far in this section do not depend on the duplication of objects in going from Free(a) to Free∆(a), and can readily be stated for Free∆(a) instead. Finally, we define the quiver of twisted objects over a as
with Ob(Tw(a)) = Ob(Free∆(a) and Tw(a)(M, N ) = Free(a)(M, N ). This quiver is endowed with a canonical element δ ∈ C 0,1 (Tw(a)) with δ (M,δM ) = δ M . In the sequel, we often pretend that connections on M are in Hom(M, M ) rather than in Hom(M, M ). It is easily seen that all the claims we make can actually be extended to the more general connections in Hom(M, M ) by continuity. Further, the connections which will be most important to uss later on, are connections in Hom(M, M ).
Proposition 2.14. There is a cA ∞ -structure on Tw(a) given by
, the curvature of M is the element
Consider a small full subcategory b ⊆ Tw(a) (endowed with the induced cA ∞ -structure). There is a natural fully faithful morphism of quivers
Consider a collection of objects (
, we can endow the image ϕ(N ) with the block diagonal connection
Proposition 2.16. The natural morphism of quivers
is an embedding of Tw ′ (b) as a fully faithful cA ∞ -subcategory of Tw(a) (with induced cA ∞ -structure).
Denoting connections in Tw(a) by δ, and connections in Tw(b) by ψ, the cA ∞ -structure on (subcategories of) Tw(a) is given by embr δ (µ) and the cA ∞ -structure on (subcategories of) Tw(b) is given by embr ψ (embr δ (µ)). Here embr δ (µ) is to be interpreted as the natural extension of embr δ (µ) on b to Tw(b). Using ϕ, this structure translates into embr δ⊕ (µ), and embr ψ (embr δ (µ)) translates into embr ϕ(ψ) (embr δ⊕ (µ)).
By Lemma 2.7, the latter structure equals embr δ⊕+ϕ(ψ) (µ), which is the restriction of embr δ (µ) to the image of ϕ.
The couple (δ ⊕ , δ f ) is localy µ-nilpotent. Indeed, for given i ∈ I (assocated to M ⊕ N ) and α ∈ N, let m 0 be such that for m ≥ m 0 , expression (9) is in T α a for δ ⊕ . Take m ′ 0 = m 0 + 2. As soon as a term in expression (10) contains at least 2 factors coming from δ f , the term vanishes. We thus obtain cone(f ) = M ⊕ N endowed with the connection
According to Proposition 2.16, the curvature of cone(f ) ∈ Tw(a) is
Remark 2.18. Let Tw(a) ∞ ⊆ Tw(a) be the full subcategory of uncurved objects, i.e. objects M with c M = 0. By Examples 2.15 and 2.17, the category H 0 (Tw(a) ∞ ) naturally becomes a triangulated category. Suitable subcategories of Tw(a) ∞ can be used to model familiar triangulated categories. For instance, for an A ∞ -category a and T = 0, the full subcategory Tw ut (a) ∞ of uncurved upper triangular objects in the sense of Example 2.11 models the derived category of a, that is,
2.3. Two-sided cones. Let (a, µ) be a cA ∞ -category. In this section, we discuss a cone-like construction in Tw(a). A similar construction was considered in [11] in the context of cdg algebras and modules.
) is locally µ-nilpotent, we define the twisted object cone(f, g) = M ⊕ N endowed with the connection
Let us investigate when (δ ⊕ , δ f,g ) is locally µ-nilpotent. In order to evaluate expression (10), we look at sequences
⊕ ), where δ ⊗k ⊕ stands for k consecutive entries δ ⊕ in the sequence. Letting M correspond to 0 and N to 1, we systematically look at the four blocks 00, 01, 10 and 11 for elements in Hom(M ⊕ N, M ⊕ N ). For a sequence (s p , s p−1 , . . . , s 1 ) like (14), we are interested in sequences ((s p ) kpkp−1 , (s p−1 ) kp−1,kp−2 , . . . , (s 1 ) k1,k0 ) for k i ∈ {0, 1}, which do not contain zero blocks. For (14) , the only such sequences are
M ) and the variants starting and or ending with a power of δ N .
Proposition 2.19. Suppose for α ∈ N, there is an m 0 ∈ N such that µ p (h p , . . . , h 1 ) ∈ T α a as soon as there are m 0 different indices i for which
Proof. Using (15), his is proven in a similar way as Proposition 2.13.
In particular,
We thus obtain:
According to Proposition 2.16, the curvature of cone(f ) ∈ Tw(a) is ϕ(c). For g = 0, we recover Example 2.17. The condition imposed in Proposition 2.19 in order to obtain local µ-allowablity of (δ ⊕ , δ f,g ) is quite restrictive in general. For instance in case M = N , then for g ∈ Hom 1 (M, M ), it is not sufficient that g is upper triangular in order to fulfil this property. On the other hand, if µ is such that for certain n 0 ∈ N we have µ n = 0 for n ≥ n 0 , then every g ∈ Hom 1 (M, N ) satisfies the condition.
2.4. Removing curvature. Next we describe a procedure for building uncurved objects starting from curved objects, based upon §2.3. Let (a, µ) be a small R-linear cA ∞ -category. A strict unit for A ∈ a is an element 1 A ∈ a 0 (A, A) with
(Un) µ n (a n−1 , . . . , 1 A , . . . , a 1 ) = 0 for all n ≥ 3 and for all a, b, a 1 , . . . , a n−1 ∈ a for which the expressions make sense. We call a strictly unital if every object A ∈ a has a strict unit 1 A . Consider (Tw(a), η = embr δ (µ)). If a is strictly unital, then so is Tw(a) and the strict unit 1 M for (M = ⊕ i∈I Σ ni A i , δ M ) corresponds to the diagonal matrix with (1 M ) ii = 1 Ai ∈ a 0 (A i , A i ) (see for instance [5] ). Now suppose a is strictly unital and consider (M, δ M ) ∈ Tw(a). Suppose c M = (η 0 ) M is divisible by a certain element r ∈ R, i.e. there exists an element 
Proposition 2.20. 
is a flat R-module, and it is always fulfilled for r = 1 ∈ R.
Proof. Clearly, g = −r1 M satisfies the condition in Proposition 2.19 by (Un) for n ≥ 3 (take m 0 = 3). This already shows (1). Put b = {M } ⊆ Tw(a) with the
Then under the map ϕ from Proposition 2.16, we have ϕ(N, δ N ) = (M r , δ Mr ). Let η denote the cA ∞ -structure on b,
. By Proposition 2.16, it suffices to show for c = embr ψN (η) 0 = n∈N c n that c = 0. We compute c using (16) and (17) . By (Un), c n = 0 for n ≥ 3. Further, we have
using (U1), we have
and using (U2) we have
By definition of cM r , we thus have c 0 + c 2 = 0 and c = c 1 , proving (2). For part (3) of the claim, we first note that
If r is regular with respect to Hom 3 (M, M ), it follows that η 1 ( cM r ) = 0, which finishes the proof.
2.5. Constructing closed morphisms. The construction in §2.4 has a parallel story for morphisms of cA ∞ -category, which will be used later on in §3.3. Let a be a small, strictly unital R-linear cA ∞ -category and consider (M, δ M ), (N, δ N ) ∈ (Tw(a), η = embr δ (µ)) and f ∈ Hom(M, N ). Suppose c M , c N and η 1 (f ) are divisible by r ∈ R and consider the resulting objects (M r , δ Mr ), (N r , δ Nr ) ∈ Tw(a). Consider the morphism
Lemma 2.21. There is a canonical isomorphism σ ∈ Hom(cone(f r ), cone(f ) r ) given by the permutation of the middle two factors
Proof. This is a direct verification. Since c Mr = 0 and c Nr = 0, it remains to prove that embr δ (η) 1 (f r ) = 0. We calculate
where all terms involving η k with k ≥ 3 vanish since η is strictly unital. The resulting matrix only features a possibly non-zero upper right entry given by
Now we know that
Since clearly rγ = (η • η) 1 (f ) = 0, by regularity of r we conclude that γ = 0 as desired.
Deformations of twisted objects
Let k be a commutative ground ring. We apply the results of §2.4 to formal deformations (R = k[[t]]) in §3.1. The more subtle case of n-th order infinitesimal deformations (R = k[t]/t n+1 ) is treated in §3.2. More precisely, in both cases we describe constructions of uncurved deformations of twisted objects relative to a cA ∞ -deformation of an A ∞ -category. In the infinitesimal case, in order for our approach to work, the deformation of the original category is of one degree higher than the uncurved twisted object we construct. This throws some light on how the formal construction can be viewed as a t-adic limit of the infinitesimal constructions. In §3.3, we investigate the derived interpretation of our constructions, in the special case where the original deformation is itself A ∞ rather than cA ∞ . Finally, we briefly discuss the case of linear deformations (of which classical algebra deformations are a special case) in §3.4.
] inherits a natural brace algebra structure from C(a 0 ), for which the canonical map
becomes an isomorphism of brace algebras. Using this isomorphism, we write a
. Hence, the condition µ • µ = 0 translates into relations between the µ (k) , of which the first relation is
and we write a connection on M ∈ Free(a) as
Hence, uncurvedness of δ translates into relations between the µ (k) and δ (l) , of which the first relation is embr δ (0) (µ (0) ) = 0. Now consider M ∈ Free(a 0 ) and connections δ, ψ ∈ Hom
(1) If for all n ∈ N, δ (0) (resp. (δ (0) , ψ (0) )) is locally µ (n) -allowable for the discrete topology, then δ (resp. (δ, ψ)) is locally µ-allowable for the t-adic topology.
is locally µ-allowable for the discrete topology.
Proof. We prove the statement concerning δ in (1). Consider expression (9) for φ = µ = k∈N µ (k) t k . This expression is equal to (19) k∈N km−1,...,k1
Let n 0 be given as in Definition 2.8. Consider the elements δ
as wel as b 
).
κ1,...,κ n+m+l we have either at least m 0,k consecutive entries coming from δ (0) , or else we have at least n 0 entries in total coming from δ (κ) with κ ≥ 1. Hence, for k ≤ n 0 , y k is a sum of expressions of type (20) with are zero by the definition of m 0,k , and expressions which are in (t n0 ). For k ≥ n 0 , we also have y k ∈ (t n0 ). This finishes the proof.
Put Φ = {µ (n) } n∈N . Consider (M, δ (0) ) ∈ Tw(a 0 ) and suppose δ (0) is Φ-allowable. We consider δ (0) ∈ Hom 1 (M, M ) as a connection on M ∈ Free(a) and by Lemma 3.1, we obtain (M, δ (0) ) ∈ Tw(a). We calculate the curvature
) is an uncurved object in Tw(a 0 ). Then we have
and consider the associated connection
By definition, δ Mt is an a-defomation of δ is Φ-allowable. We obtain uncurved objects
M ) ∈ Tw(a 0 ). The result applies to the objects in the subcategory Tw ut (a 0 ) ∞ ⊆ Tw(a 0 ) of uncurved upper triangular objects in the sense of Example 2.11. In particular, If a 0 is an A ∞ -category, the result applies to the objects A ∈ a 0 (endowed with the zero connection).
Infinitesimal deformations. Let
n+1 . In analogy with the formal case from §3.1, we obtain a brace algebra isomorphism
and we write a cA ∞ -structure µ on a n = a 0 [t]/t n+1 as
and we write a connection on M ∈ Free(a n ) as
In analogy with Lemma 3.1, we have:
Consider (M, δ (0) ) ∈ Tw(a 0 ) and suppose δ (0) is locally µ (l) -allowable for all 0 ≤ l ≤ n. We consider δ (0) ∈ Hom 1 n (M, M ) as a connection on M ∈ Free(a n ) and by Lemma 3.1, we obtain (M, δ (0) ) ∈ Tw(a n ). We calculate the curvature
Put M t = M ⊕ Σ −1 M ∈ Free(a n ) endowed with the connection
By definition, δ Mt is an a-defomation of δ
Mt . By Proposition 2.20 we obtain (M t , δ Mt ) = cone( c M t , −t) ∈ Tw(a n ) deforming the uncurved object 
2 ) be the free super commutative graded algebra on generators u in degree 2 and v in degree 3. Let A = (A 0 [ǫ], µ) be the first order deformation with non-zero contributions µ Now suppose µ extends to an n + 1-th order deformation of
We have
Clearly, we can naturally interpret
Proposition 3.5. Suppose µ extends to an n + 1-th order deformationμ of µ (0) . Consider an uncurved object (M, δ (0) ) ∈ Tw(a 0 ) such that δ (0) is µ (l) -allowable for 0 ≤ l ≤ n + 1. We obtain uncurved objects
The result applies to the objects in the subcategory Tw ut (a 0 ) ∞ ⊆ Tw(a 0 ) of uncurved upper triangular objects in the sense of Example 2.11. In particular, If a 0 is an A ∞ -category, the result applies to the objects A ∈ a 0 (endowed with the zero connection).
Proof. We are to show that the curvature of
We consider the object
Clearly, the object M t reduces to M (n) ∈ Tw(a n ), so it suffices to show that the curvature of M t is zero modulo t n+1 . On the one hand, according to Proposition 2.20, the curvature c Mt has the only possibly non-zero component given by:
On the other hand we know that
From comparing the coefficients in these two expressions we see that
which finishes the proof.
be the uncurved object obtained form Proposition 3.
2. An uncurved twisted object N over an A ∞ -category b naturally determines an A ∞ -moduleÑ over b (b-module for short) withÑ (B) = Hom(B, N ) for B ∈ b. See for instance [12] . We thus consider the a 0 -moduleM and the a-moduleM t . Further, the reduction map a −→ a 0 allows us to viewM as an a-moduleM a . The natural maps
given by projection onto the second factor followed by reduction determine a morphism of a-modules
Proposition 3.6.
(1) For every M ∈ Tw ut (a 0 ) ∞ , the morphism θ M is a quasiisomorphism of a-modules.
(1) First, we look at the claim for A ∈ a, endowed with the zero connection. We thus have A t = A ⊕ Σ −1 A endowed with
On the other hand, for −t ∈ Hom 1 (A, Σ −1 A), we have cone(−t) = Σ −1 A ⊕ A endowed with
Hence, there is a canonical isomorphism A t ∼ = cone(−t) given by permuting the two factors of the direct sum. It then easily follows that for the induced a-modules, A t = Hom(−, A t ) is isomorphic to the cone of
On the other hand, the exact sequence
gives rise to an exact sequence of a-modules
Consequently, we obtain a quasi-isomorphism of a-modules
given by projection onto the first factor followed by reduction. It follows that the isomorphic morphism θ A is a quasi-isomorphism too.
To finish the proof of (1), it now suffices to show that the objects M in Tw ut (a 0 ) for which θ M is a quasi-isomorphism are closed under taking direct sums and cones. First, consider such objects M, N ∈ Tw ut (a 0 ) and a closed morphism f ∈ Hom 0 0 (M, N ), and consider f as a (not necessarily closed) morphism f ∈ Hom 0 (M, N ). We can extend the diagram from Lemma 2.21 applied to f to a diagram of b-modules
where in the middle column we encounter cA ∞ -modules rather than A ∞ -modules. Forgetting about the middle column, the horizontal maps from top to bottom are precisely θ M , θ N and θ cone(f ) . It follows that if θ M and θ N are quasi-isomorphisms, the same holds for θ cone(f ) . The argument for direct sums is similar.
(2) From the exact sequences (21), we deduce that the modules a 0 (−, A) a are perfect a-modules. It readily follows that every perfect a 0 -module remains perfect when considered as an a-module.
(3) It suffices to show that for the twisted object M t , the corresponding a-modulẽ M t is cofibrant over R. By construction, the values Hom(A, M t ) are graded free over R. Since R is regular, this ensures cofibrancy of the complexes.
Remark 3.7. In the setup of infinitesimal deformations considered in §3.2, analogous results to Proposition 3.6 do not hold. In particular, for a = a 0 [t]/t n+1 , the construction of M t ∈ Tw(a) does not guarantee that the a-moduleM t is k[t]/t n+1 -cofibrant, so it is not necessarily a derived lift. The conclusion thatM t is a derived lift ofcone(c 
2 . In this case every R-linear cA ∞ -deformation is necessarily an R-linear category structure µ on a = R⊗ k a 0 , i.e µ = µ 2 , which is a forteriori uncurved. A twisted object (M = ⊕ i Σ ni A i , δ M ) ∈ Tw(a) can be written as M = ⊕ n∈Z (⊕ i∈In Σ n A i ) with δ M determined by the non-zero entries
Note that by Example 2.12, every connection actually determines a twisted object. The cA ∞ -structure η = embr δ (µ) on Tw(a) reduces to
from Proposition 3.2 has
.
As in §3.3, we can interpret the twisted objects as modules. Concretely, an object N ∈ Tw(a) has an associated precomplexÑ of free a-modules, and if N is uncurved, thenÑ is an actual complex. Thus, in our situation we obtain the complexM t of free a-modules. The fact thatM t is a complex amounts to the computation
which is a special case of the proof of Proposition 3.2.
Under the hypotheses of Proposition 3.5, we once again obtain the uncurved object (M t , δ Mt ) ∈ Tw(a) with the same description of δ Mt as above in (22) . Since we no longer have the exact sequences (21), the derived interpretation of M t as given in Proposition 3.6(1) no longer holds. We end this section with some observations which still hold for infinitesimal deformations in the specific setup of this section, see Remark 3.7.
Proposition 3.8.
(1) IfM is bounded (resp. bounded above, resp. bounded below), the same holds forM t .
(2) IfM is a bounded complex of finite free a 0 -modules, thenM t is a bounded complex of finite free a-modules. (3) IfM is bounded above, then the objectM t ∈ D(a) is a derived lift of cone(c
M ).
Torsion derived categories
. In this section we introduce the torsion derived category of an R-cofibrant dg category a in §4.1. For us, the torsion derived category is mainly a technical tool which allows us to prove our main result Theorem 5.4 in §5.
In contrast with the infinitesimal situation (R = k[t]/t n ), in general this kernel is non-zero, so we cannot apply a suitable version of Nakayama's Lemma. Roughly speaking, for our purpose, we force a derived version of Nakayama's Lemma to hold by working with the torsion derived category D tor (a) ⊆ D(a), which is equivalent to the quotient D(a)/Ker(RHom R (k, −)). In §4.2, we prove some basic results, like the fact that D tor (a) is compactly generated by the objects ι(A) for A ∈ a (Proposition 4.12), and in §4.3 we introduce the notion of torsion Morita equivalence.
The results in this section are related to various works on torsion and complete derived categories, which have been developed in different contexts and levels of generality, see for instance [1] , [8] , [16] , [15] , [17] , [18] , [19] . Although we only develop a rudimentary torsion side of the story here, it is likely that a richer picture including an appropriate version of MGM duality exists in this setting. The details of this picture will be investigated elsewhere.
4.1.
The torsion derived category. Let a be an R-cofibrant dg category. The external Hom and tensor functors
which are balanced, i.e. they can be calculated in either argument.
Lemma 4.1. Let X ∈ per(R) be a perfect object and consider M, N ∈ D(a). We have
Proof. All three expressions define exact functors in X which agree on X = R.
Consider M ∈ Mod(a), A ∈ a and X = R/t n . We have
The natural projection map R/t n −→ R/t n−1 induces a morphism
which corresponds to the natural inclusion between submodules of M . We thus obtain the torsion submodule of M , which is
The torsion functor Γ : Mod(a) −→ Mod(a) is left exact and we obtain its right derived functor RΓ : D(R) −→ D(R) which satisfies
We thus obtain the full subcategory D tor (a) = ⊥ Ker(RΓ) ⊆ D(a) of torsion modules, which we call the torsion derived category. Clearly, D tor (a) is a triangulated subcategory closed under coproducts.
For
Lemma 4.4. The following are equivalent for M ∈ D(a):
Proof. This follows from a derived version of Nakayama's Lemma.
Lemma 4.5. We have
M is given by injection from the second factor M ∼ = ΣΣ −1 M −→ ΣM t n and the canonical map RHom R (R/t n , M ) −→ M is given by projection on the first factor M t n −→ M .
Proof. This follows by using the exact sequence
Corollary 4.6. The following are equivalent for M ∈ D(a):
Proof. This follows from Lemma 4.4 and Lemma 4.5.
This follows from Lemma 4.1. Proof. For a collection of objects M i ∈ D(a), consider the comparison map λ :
But this is indeed the case by (23). Let a t ⊆ D dg (a) be the full dg subcategory spanned by the objects A t for A ∈ a. Put A ′ = A ⊕ Σ −1 A ∈ D(a 0 ) and let a ′ ⊆ D dg (a 0 ) be the full dg subcategory spanned by the objects A ′ for A ∈ a.
Proposition 4.15. The R-cofibrant dg category a t is torsion and satisfies k⊗ R a t = a ′ .
Proof. We have a commutative square 
We consider the tensor functors
. The aim of this section is to prove the following: Proof. By Lemma 4.5 and Proposition 4.12(2), the category D tor (a) is compactly generated by the objects
Since M 0 is a Morita bimodule, the objects M 0 (−, A) compactly generate D(b 0 ). Hence, by Proposition 4.12 (2), the objects M (−, A) t compactly generate D tor (b) inside D(b). It remains to show that the morphisms
, and using lemma 4.1 and adjunction, k ⊗ L R λ is given by the canonical morphism
By assumption, λ ′ is a quasi-isomorphism. By Lemma 4.13, the domain and codomain of λ are in D tor (R) and hence the same holds for cone(λ). On the
, it follows that cone(λ) = 0 and λ is a quasiisomorphism as desired.
The curvature problem
In this section, we solve the curvature problem for formal deformations of small dg categories, that is, the phenomenon that Maurer-Cartan elements in the formal Hochschild complex naturally parameterize curved A ∞ -deformations rather than dg or A ∞ -deformations. Precisely, we show that for a cohomologically bounded above dg category, these Maurer-Cartan elements up to gauge equivalence are in bijection with Morita deformations up to torsion Morita equivalence. This result is stated in Theorem 5.4, and an infinitesimal counterpart is stated in Theorem 5.6. The formal result is illustrated by the example of the graded field in §5.3.
The curvature projection c is a morphism of dg Lie algebras for the abelian dg Lie structure on the codomain. The kernel of c is given by the shifted truncated Hochschild complex ΣC tr (a 0 ) [[t] ] which controlls A ∞ -deformations of a 0 .
Although it may be tempting to work with the truncated Hochschild complex from the point of view of deformations, this is not a good idea from the point of view of invariance properties. Indeed, in contrast with the full Hochschild complex, the truncated Hochschild complex is not invariant under Morita equivalence. In fact, we may use this observation in order to try to eliminate curvature in the following way. Suppose we are given an element φ ∈ MC(a 0 ; k[ The following construction is crucial. Consider φ ∈ MC(a 0 ; k[[t]]) with corresponding cA ∞ -structure µ = µ (0) + φt on a. For every A ∈ a 0 , we consider the element c A (φ (0) ) ∈ Σa 0 (A, A) 1 and the twisted object A ′ ∈ tw(a 0 ) given by
and the twisted object A t ∈ tw(a) given by A t = A ⊕ Σ −1 A with
Let a t ⊆ tw(a) be the full dg subcategory spanned by the objects A t for A ∈ a and let a ′ ⊆ tw(a 0 ) be the full subcategory spanned by the objects A ′ for A ∈ a. We obtain a morphism of dg Lie algebras
According to §5.1, the image embr
. Under this bijection, the cA ∞ -deformation a of a 0 corresponds to the A ∞ -deformation a t of a ′ .
Proof. Since the elements c A (φ (0) ) are nilpotent in the derived category of a 0 , a ′ is canonically Morita equivalent to a 0 by the octahedral axiom (see [10, Proposition 3.16] ). Now that we have found a way to replace curved deformations by uncurved deformations (under the nilpotency hypothesis on c A (φ (0) )), we should investigate to which extent such a replacement is well defined. In order to arrive at the statement in Theorem 5.4, we make use of torsion Morita deformations. For technical convenience, in the sequel we suppose a 0 is a dg category. 
Theorem 5.4.
(1) We obtain a well defined injection
for all A ∈ a, then Θ is bijective. In particular, this is the case if a has bounded above cohomology. (2) Let φ be as in described under (2) . Let ψ = MC(embr δ ′ )(φ) be as in Lemma 5.1, with associated A ∞ -deformation a t of a ′ . Replacing a t with a quasi-equivalent R-cofibrant dg categoryã t , we arrive at a Morita deformation which gets mapped to φ under Θ by Lemma 5.1.
(3) is immediate from (1) and (2).
Example 5.5. Let X be a quasi-compact quasi-separated scheme. It was shown in [2] that the derived category D Qch (X) is compactly generated by a single perfect complex M , and thus equivalent to the derived category D(A 0 ) of A 0 = RHom(M, M ). The dg algebra A 0 is cohomologically bounded above, whence Theorem 5.4(2) applies.
We end this section with a brief discussion of the situation for infinitesimal deformations. Roughly speaking, we have that n + 1-th order curved deformations give rise to n-th order uncurved Morita deformations. Let (a 0 , µ (0) ) be a small k-linear dg category as before For φ = Proof. This is a variant of the proof of Theorem 5.4, this time based upon Proposition 3.5. The corresponding endomorphism dg algebra End(A t ) is a matrix algebra whose differential is given by the super-commutator with δ At . For n = 0, we have a similar description of A t , but this time A ′ = A ⊕ Σ −1 A is endowed with
that is A ′ ∼ = cone(x). Since x ∈ A 0 is invertible (with inverse x −1 ), it is certainly not nilpotent so Theorem 5.4(2) does not apply. In fact, cone(x) is a null-homotopic object in tw(A 0 ), a null-homotopy being given by
Consequently, the endomorphism dg algebra End(A ′ ) is null-homotopic too, and thus quasi-equivalent to the zero category. In particular, A is not Morita equivalent to End(A ′ ), and End(A t ) does not constitute a deformation of A in any reasonable sense.
Let us show that the element φ (0) = x is not in the image of the map Θ. Suppose on the contrary that it is in the image. We start from the cA ∞ -deformation As before, it then follows that b 0 is quasi-equivalent to the zero category, in contradiction with the fact that b 0 is Morita equivalent to A 0 . Note that from perturbation theory, it follows that (M, δ) is null-homotopic as well, and the only uncurved deformation one can obtain from (subcategories of) Tw ut (A 0 ) is a zero category. For a precise discussion in the case of first order deformations, see [5] . For other arguments why the only uncurved "deformation" of the graded field is the zero category, we refer to [11] .
